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Abstract—In the present paper a definition of fuzzy algebra
is presented, the condition of approximation of fuzzy number
is proven. Finally the application to solve a fuzzy differential
equation is given.
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tive, fuzzy algebra.

I. Introduction

Many scientific papers and many applications have
proved that fuzzy set theory let us effectively model and
transform imprecise information. It is not surprising that
fuzzy numbers play an important role among all fuzzy
sets since the predominant carrier of information are
numbers. However, the crucial point in fuzzy modeling
is to assign membership functions corresponding to fuzzy
numbers that represent vague concepts and imprecise
terms expressed often in a natural language. The rep-
resentation does not only depend on the concept but
also on the context in which it is used. But even for
similar contexts, fuzzy numbers representing the same
concept may vary considerably. Therefore, the problem
of constructing meaningful membership functions is a
difficult one and numerous methods for their construction
have been described in the literature. All these methods
may be classified into direct or indirect methods that
involve one or multiple experts [13].

In practice, fuzzy intervals are often used to represent
uncertain or incomplete information. An interesting prob-
lem is to approximate general fuzzy intervals by interval,

triangular, and trapezoidal fuzzy numbers, so as to sim-
plify calculations. Recently, many scholars investigated
these approximations of fuzzy numbers. According to
the different aspects of distance, these researches can be
grouped into two classes: the Euclidean distance class [12]
and the non-Euclidean distance class [8]. The autor in
[10] give a necessary and sufficient conditions of linear
operators which are preserved by interval, triangular, sym-
metric triangular, trapezoidal, or symmetric trapezoidal
approximations of fuzzy numbers. In [11] presented a new
nearest trapezoidal approximation operator preserving
expected interval. But there is no work that has presented
a stable part by multiplication, which is our goal in this
paper with the approximation to one of whose element
in order for example to give a sens of the solution of a
differential equation whose contains the product of two
specific fuzzy numbers.

This paper is organized as follows: After this introduction
we present some concepts concerning the fuzzy metric
space in section 2. The fuzzy algebra is defined in Section
3. A method of approximation is is discussed is Section 4,
and we presented an application in the las section.

II. preliminaries

In this section, we present some definitions and
introduce the necessary notation, which will be used
throughout the paper.

We denote E! the class of function defined as follows:
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(u —g v)a = [min {u(a) —v(a), a(e) — v(a)},

Bl = {u :R—[0,1], wu satisfies (1 —4) below} max {u(a) — v(a),u(a) — @(a)}}
oy . _ _ 1
1) w is normal, i.e. there is a z¢ € R such that u(zg) = arjnd the conditions for the existence of w =u—yv € B
L
2) u is a fuzzy convex set; case () w(a) = Q(a) — y(a) and @(a) = ﬂ(a) — @(a)
. g . ) i
3) u is upper semi-continuous; with  w(«) increasing, w(a) decreasing, w(a) < w(a)

4) u closure of {z € R', wu(z) >0} is compact
For all € (0, 1] the a-cut of an element of E' is defined . (ii) w(a) =u(a) —v(a) and w(a) = u(a) - v(a)
by with  w(a) increasing, w(«) decreasing, w(a) < w(«)

ua:{xeR’ u(x) Za} for all o € [071]

By the previous properties we can write
Proposition I1.4. [6]

v = et Ju =y ol = d(u,v)
The multiplication by a scalar is defined as follows
Since ||.|| is a norm on E! and by the proposition (II.4)
_Ju(§), A#0 we have
Au(x) =< ~
0, A=0.

Proposition II.5.

By the extension principal of Zadeh we have
[Au =g pul| = |A = pll|u]

(u+v)* =u*+0v% Let f : [a,b] C R — E! a fuzzy-valued function. The
()™ = \u® a-level of f is given by
For all u,v € E* and A € R flz,a) = [f(at,a)j(x,a) , Yz € [a,b], Ya € [0,1].
The distance between two element of E' is given by *
(see [4]) Definition II1.6. [6] Let z¢ € (a,b) and h be such that
xo + h € (a,b), then the generalized Hukuhara derivative
d(u,v) = sup max{m(a) — %), |u(a) —y(a)|} of a fuzzy value function f : (a,b) — E' at xq is defined
ae(0,1] as

The metric space (E',d) is complete, separable and lim
locally compact and the following properties for metric h—0
d are valid:

1) d(u+v,u+w) =d(u,v);

2) d(Au, Av) = |Ald(u, v);

3) du+v,w+z) <d(u,w) + d(v, z);

flzg+h)—, f(x
H (w0 31 g f(z0) -, f;H(xO)H =0 (I1.3)
If fyu(zo) € E' satisfying (I1.3) exists, we say that f is
generalized Hukuhara differentiable (gH-differentiable for
short) at zo.

Definition IL7. [6] Let f : [a,b] = E' and z¢ € (a,b),
with f(z,a) and f(x,«) both differentiable at 2.
We say that

Definition I1.2. Let u,v € E'. We put u® = [u(a), u(c)] 1) fis [(i) — gH]-differentiable at zq if
and v* = [v(a),D()]. We define the product of u and v

by fgn(@o) = [f(@.0). F (@)  (14)
(u © U)a - [min {g(a)y(a)7g(a)ﬁ(a),ﬂ(a)y(a),ﬂ(a)@(a)}, 2) f is [(it) — gH]-differentiable at zq if
max {u(0)o(a), u(a)(a), wa)u(), 7(@)7(a)}]

Remark IT.1. The space (E!,d) is a linear normed space
with ||u|| = d(u,0).

—

Fhogr(@o) = [F'(z,0), £ (2, 0)] (IL5)

Definition I1.3. [6] The generalized Hukuhara difference
of two fuzzy numbers u,v € E' is defined as follows Theorem II.8. Let f: J CR — E' and g : J — R and
. x € J. Suppose that g(x) is differentiable function at z
U—gv=w & v=vrw and the fuzzy-valued function f(z) is gH-differentiable at

or v=u+(—-1)w . So
In terms of a-levels we have (f9) g = (f'9)gr + (fg)gn
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Proof. Using (IL.5), for h enough small we get Proof. Let p,v € P putting pu* = [—a®*,a®] and v* =
H f(w+h)9(w+’flb)—gf(l')g(£) —g((f/($)g($)>gH + (f(2)d (2)) oH H Wbo‘h b].
e have
S FCAROVCER ) (G EARORN (GTICRR) (k©v)" = [~ (at)", ()]
h sop@vePp. O
—/(@)g()
h —g ((f'(@)g(x))gr + (f( Theorem II1.3. The quadruplet (P,Jr,@,.) is an algebra.
= H(f(quh) o f(@))g(x h) f(2)(g (erh) 9()) Proof. First prove that the triplet (77,+,.) is a vector
space.
— (f(2)g(x))gm + (f(x)g’(x))gH) H By lemmas I1I.1 and II1.2 (P,+) is a group (—, is the
B — h inverse of 4) and stable by ..
< H (Jz+h) g{(x))g(m +h) —g ((f'(2)g(z))gm) Now let A € RT and v € R~ and p € P, we have
(f(@)(g(x +h) —g g(z)) / A+y)p=Ap—g (—7).p
+ h 5 (F@)g @)orr) | e ot
fz+h)—, f(z so (P,.) is a vector space which implies the result.
| = FD g iy, (@t | o
(ol + 1) —, o(2) 1e Eltlon 4. The quadruplet (P, +,®,.) is said a fuzzy
+ |7 R g (F@)g (@)gm) | e )
i i o Definition II1.5. Let u,v € E'. We put u® = [y(a),u(a)]
which complet the proof by passing to limit. O and v® — [g(a),ﬁ(a)]. we define

Definition 11.9. [9] Let f : [a,b] — E'. We say that f(z) 1 ) 1 ,
is fuzzy Riemann integrable to I € E' if for any ¢ > 0, d2(u,v) = [/ (u(a) —v(a)) da+/ (u(a) — v(a)) da}
there exists 0 > 0 such that for any division P = {[u,v]; £} 0 0

1
2

with the norms A(P) < §, we have By Brezis [7] L?(R) is a complet space it is easy to
. deduce the following proposition.
d (Z (v— U)f(f)J) <€ Proposition III.6. (El, d2) is a complet metric space.
p

Now we define the following map
where Z; denote the fuzzy summation. We choose to

. b
write I = [ f(x)dx. Y PP R
Theorem I1.10. [6] If f is gH-differentiable with no ’ () — fo a) + f(a)v(a)da
switching point in the interval [a, b] then we have

, Proposition II1.7. The map (., > define an inner product
on P.
[ = 1) -, f@
a Proof. The linearity of integral show the bilinearity of the
IT1. Fuzzy algebra map, also the symmetry is clear, we have (u, u) > 0.
In this section consider P the set of all u € E' such If (s, p) = 0 then p(e) = () = 0, a.e. on [0,1] we get
w=0. O
that
p® = [—a%a], VYael0,1] By II1.6 we have
where a € [0, 1] Proposition III.8. (El, (., )) is a Hilbert space.
Lemma III.1. (P, +) is a group. Note that the norm associated to the inner product (., .)
Proof. First {0} = [0,0] € P. is defined as follows
Now let wu,v € P putting p* = [—a®,a®] and v* = 1
e b, liell2 = / 2(a)da, V€ L.

Using case (i) we get
N N S, Proposition IIL.9. P is a convex closed subspace of E', by
B gV = [_ a® —b%,a% +b ] respect the do metric.

Proof. Let p € P, then there exist p, € P such that

where ¢ = (a® +b°‘)é da(ptn, 1) — 0, By Brezis [7] theorem 4.9 page 94 there

. i f converge to u, if we put

So v e P, thus (P, +) is a group. ] existe a subsequence fin, of i, o Ly p
oo ’ ( ) sroup wy = [— an,an] for all & € (0,1] then a,, converge
Lemma II1.2. The product ® is stable on P. to a € R*, which implies that u* = [ — a®,a®], for all
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€ (0,1], by consequent u € P.
Now let ¢t € [0,1] and u € P, we get

+ (1=t = 0% = [ =, ¢?]

1
a

t[faa,aa}

where ¢ = (ta® 4 (1 — ¢)b*) =
Hence P is convex. O
IV. Approximation
In this section we consider the set E!(a) defined as
E! = {u € E', suppp=[-1,1], and p'=[-a,d],
for certain a € [0, 1}}

Proposition IV.1. The set E! is stable by the product ®.

Proof. Let u,v € FE!(a).
suppp © v. In fact:

Let € suppp, then there is (z,,), C R such that x, — =
as n — o0, and p(z,) > 0 which implies that u(z) > 0, we
have two possibility if u(x)v(z) > 0 then = € supp(u) if

First note that suppuy C

not, u(x)v(x) = 0, since supp(v) = supp(p) = [—1,1] then
2 =—1 or x =1 but these two values are in supp(uv).
Conversely: by the same it become that supp(p © v) C
supp(p).

Thus

[-1.1]
By the definition of the product of two fuzzy number we
have

supp(p ©v) =

[— ab, ab]
= [-b*,0%].

(nov) =

where p* = [—a®,a®] and v*
So

pwovewpP.
O

Definition IV.2. Two fuzzy numbers p and v are approx-
imately equal if and only if given a sufficiently small, we
find that:

v(z)| <e

|p(x) — Vo € R.

we write p ~ v.
Proposition IV.3. Two fuzzy numbers p and v of P are
approximately equal if and only if given a sufficiently
small, we find that:

do (u, 11) <e

Proof. We put pu® = [— ao‘,ao‘] and v = [—
all a € [0,1]. Where a,b € [0, 1].

Since p is increasing on [—1,a] we get f(a) = p
also p decreasing on [a, 1] then p(a)
functions are continuous at a € [0, 1].
If 1 and v are approximately equal, i.e.

u(z) - v(@)] < e

we put ¢ = min{a, b} thus

b, bo‘], for

“za),

= 1 Y(ya), this two

@) — v (@) < e

n [—1,¢], and
M)~ v @) < e
on [c, 1]. Which implies that

(@) —v(a)| <e

and

[70) — 7(a)| < e
so

d2 (Ma V) <e

Conversely:
Suppose thet dapi, v < ¢, then fi(o) = T(av) and p(o) —v(a)
a.e.
By the continuity of @ — i) —7(«r), we get () = ()
and p(a) — v(a), for all @ € [0,1]. Using the idea of the

previous part of this demonstration we have
|u(z) —v(z)| <€, Vz R
Which complet the proof. O

Proposition IV.4. Any operation based on the extension
principale of Zadeh preserve by the previous approxima-
tion.

Proof. Let p,v, 1’ and v/ four fuzzy number such that
v

w~~p  and

We put £ = pxvand ¢ = ' * /.
Our goal is to prove that

¢~

We can write

€(2) = sup min{u(x).v(x))
and

((2) = sup min {'(2),/ ()}

z=wxy
thus
€2)=s(2)| = | sup min {u(x), v(a)) ~ sup min (4 (x). /(@)
< | sup min {j(2) +€.+/(z) + )= sup min {i/(x),/(2)}
<| gugymin{ﬂ’(w) ()} +e— s mlyn{u }I
z=wry ..

which complet the proof. O

Theorem IV.5. Let for all u € E', there exist v € P such
that
JIRSE72

Proof. Since (E',(.,.)) is a Hilbert space and P is a
subset convex closed subset of E' then by theorem 5.2
in [7] there existe v such that

dQ(uaV) SE

IJOA ©2021 78



International Journal on Optimization and Applications

IJOA. Vol. 1, Issue No. 1, Year 2021, www.usms.ac.ma/ijoa

UGA

Copyright ©2021 by International Journal on Optimization and Applications

which implies p ~ v. O
Theorem IV.6. Let 4 € EL and v € P such that v® =
[ —a“, ao‘] .
A sufficient condition for pu =~ v is:

maxmax { |u(z — D) — p(@)], [p(z + D) — p(w)| } < €
where

D = max,e(o,1) |a® — ()|,
D = maxae(1) |a® + p(a)|, if J=

Proof. For all z € [—1,a] it is clear that
r—D<ptz)<z+D

since p is an increasing function on [—1,a] then
plx — D) <z < p(x+ D)

So that Vz € [-1,q], if @ = p(x) and o' = v(x), we get

la — /| = |p(z) — v(z)|
< max { |u(z — D) — u(@)], |z + D) — u(@)| }.
in the same on [a, 1] we find the same result. O

Theorem IV.7. Let u,v : I — E' tow derivative functions,
where I is an intevalle of R.
If u(t) = v(t) for all ¢ € I, then u/(t) = v'(t) for all t € I.

Proof. If u and v are [(i) — gH]-differentiable or w and v
are [(it) — gH]-differentiable

Ui g (7) = _Ql(z,oz),ﬂ'(a:,oz)}
and )

U;,gH(l‘) = _y'(a:,a),i’(a:,a)}

gy (@) = [ (2,0), (2, 0)]
and )

vign(®) = |V (z, a),y’(%a)]

By the proposition IV.3 we have u(t) = v(t).
Now if w is [(i) — gH]-differentiable and v is [(i1) — gH]-
differentiable then
Wl g (@) = [t (@,0),7 (2, 0)|
and

o grr(@) = [7'(2,0), ' (2, 0)|

this time also by the proposition IV.3 we have u(t) ~ v(t).
O

It is easy to note that
Corollary IV.8. If u(t) = v(t) then [wu(t) = [v(t).

V. Application

In this section consider the following equation

y'(t)=ay(t), t<0 (V.1)

with y € E* and a € E*.
By approximation there exists z,b € P such that

z~y and b=a.

Now solving the following equation in P

7 = bz
by putting b = [—b*,b] and z(t) = [— (n(t))*, (n(t))*].

we get
(n' ()™ = b*(n(t))*,

Which implies that

Ya € [0,1].

n(t) = ce

where ¢ is a constant.
Since ¢t < 0, then z € E'. Using theorem IV.6 each fuzzy
element p verified the condition is a solution.

Remark V.1. By this method the solution of V.1 is not
unique.

VI. Conclusions

This study makes it possible to give a meaning to the
multiplication of two fuzzy numbers which makes us solve
certain differential equations with uncertain initial values.
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